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Abstract 

This paper presents an equivalence theorem for three different kinds of optimal 
control problems, which are optimal target control problems, optimal norm control 
problems and optimal time control problems. Controlled systems in this study are 
internally controlled heat equations. With the aid of this theorem, we establish an 
optimal norm feedback law and build up two algorithms for optimal norms (together 
with optimal norm controls) and optimal time (along with optimal time controls), 
respectively. 
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1 Introduction 

We begin with introducing the controlled system. Let T be a positive number and 
fi C M'^ be a bounded domain with a smooth boundary dQ. Let u be an open and non- 
empty subset of Q. Write for the characteristic function of u. Consider the following 
controlled heat equation: 

dty - Ay = XcuX{t,t)U in fix (0, T), 

y = on (9fi X (0,T). (1.1) 

y{0) = yo in fi, 
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Here yo G L'^{^), u G L°°(0, T; r G [0,T) and X{t,t) stands for the characteristic 

function of (r, T). In this equation, controls are restricted over u x (r, T). It is well known 
that for each u G L°°(0, T; L^(fi)) and each ^ L'^i^), Equation ( ll.ip has a unique 
solution in C([0, T]; L^(fi)). VFe denote, by y{-; X{T,T)U,yQ) , the solution of Equation ( li.ij) 
corresponding to the control u and the initial state yo. Throughout this paper, || ■ || and 
< ■, ■ > stand for the usual norm and inner product of the space L^(f2), respectively. 

Next, we will set up, for each ?/o ^ -^^(^)) three kinds of optimal control problems 
associated with Equation (11. ip . For this purpose, we take a target G L^(fi) such that 

Zd^{y{T-Xio,T)U,0): u e L^{0,T- L^Q))]. (1.2) 

The set on the right hand side of (II. 2p is called the attainable set of Equation (II. ip . Then 
we introduce the following target sets: 

B{zd,r) = {ye L^{Q) : \\y - z4 < r}, r > 0. 

For each M > 0, each r > and each r G [0, T), we define three sets of controls as follows: 

• Ur,M = {ve L°°(0,T;L2(^])) : \\v{t)\\ < M for a.e. t G (r,r)}; 

• UM,r = {i; : 3 r G [0,T) s.t. v G Ur,M and y{T; X{T,T)V,yo) G B{zd,r)}] 

• Ur,r = {ve L-(0,T;L2(n)) : y{T;X(r,T)V,yo) G B{z,,r)}. 
For each u G UM,r, we set 

TM,r(M) = sup{r G [0, T) : M G Ur,M and y(T; X{t,t)U, yo) G 5(2^, r)}. (1.3) 
Three kinds of optimal control problems studied in this paper are as follows: 

. {OPY''': mf{\\y{T;Xir,T)U,yo)-Zdr : G W,,a/}; 
. (TP)*^'^': sup{rM,.(n) : u G Wa/,.}; 

• {NPY'^: mf{\\u\\L^^^^T;LHn)) ■ u G W^,^}. 

We call [OPY'^^ as an optimal target control problem, which is a kind of optimal control 
problem with the observation of the final state (see [9], page 177). The problem {NPY''^ 
is an optimal norm control problem, which is related to the approximate controllability 
(see P]). The problem (TP)*^'*" is an optimal time control problem. The aim of con- 
trols in (TP)*^'*" is to delay initiation of active control as late as possible, such that the 
corresponding solution reaches the target B{zd,r) at the ending time T (see [TT]). 
The above three problems provide the following three values, respectively: 
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• r(T, M) = mf{\\y{T; X{r,T)U, yo) - Zd\\ : u G Ur,M}\ 

• T{M,r) = SUp{TM,r(M) : U e UM,r}; 

• M{r,T) = inf{\\u\\Loo^r,T;L^a)) ■ u e Ur,T}- 

The value r(T, M) is called the optimal distance to the target for (OP)"^'-^; while values 
r(M, r) and M(r, r) are called the optimal time for {TP)^''^ and the optimal norm for 
{NPY''^, respectively. The optimal controls to these problems are defined as follows: 

• u* is called an optimal control to {OPY'^ if u* — X{t,t)V* for some v* e Ut-,m such 
that \\y{T;x{T,T)V*,yo) - Zd\\ = r(T,M); 

• u* is called an optimal control to {TP)^^'''' if u* = X{T{M,r),T)V* for some v* G Ur{M,r),M 
such that y{T;x{r{M,r),T)V*,yo) e B{zd,r). 

• u* is called an optimal control to {NPy^'^ if u* = X{t,t)V* for some v* G Ur,T and 

||M*||L°°(r,T;L2(n)) = M{r,T). 

Throughout the paper, the following notation will be used frequently: 

rT{yo) = \\y{T;0,yo)-z4. (1.4) 

The main purpose of this study is to present an equivalence theorem for the above- 
mentioned three kinds of optimal control problems and its applications. This theorem 
can be stated, in plain language, as follows: 

• {OPY'^ ^ (jp-^M,r{TM) ^ ^NPYir,M),T ^Yieu M > and T G [0,7); 

• (NPY'^ ^ (OPy^^^'^^^ ^ ^rpp^M{r,T),r ^Yien r G (0,rT(yo)) and r G [0,T); 

. (7^P)M,r ^ (^p)r,r(M,r) ^ (^Qpy{M,r),M ^^len M > and r G [r(0,M),rT(|/o)). 

Here, by (Pi) {P2), we mean that problems (Pi) and (P2) have the same optimal 
controls. Based on the equivalence theorem, the study of one kind of optimal control 
problem can be carried out by investigating one of the other two kinds of optimal control 
problems. In particular, one can use some existing fine properties for optimal target 
controls to derive properties of optimal norm controls and optimal time controls. 

An important application of the equivalence theorem is to build up a feedback law 
for norm optimal control problems. We will roughly present this result in what follows. 
Notice that Problem (A^P)''^ depends on r G [0,T) and yo G L'^{^), when r and Zd are 
fixed. To stress this dependence, we denote, by {NP)y'^, the problem {NPY''^ with the 
initial state yo- Throughout this paper, we let A be the operator on L^(Q) with domain 
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D{A) = H^{n) n H^{^) and defined by Ay = Ay for each y e D{A). Write {e*^ : t > 0} 



for the semigroup generated by A. By the equivalence theorem and some characteristics 
of the target optimal control problems, we construct a map F : [0,T) x L'^[Q) — )■ L'^[Q) 
holding properties: 

(i) For each yo G L^(fi) and each r G [0,T), the evolution equation 



has a unique mild solution, which will be denoted by yF,T,yo{-)- Here Xoj is treated as an 
operator on L^(f2) in the usual way. 



{ii) For each yo G L^(fi) and each r G [0,T), X{T,T){-)F{-,yF,T,yo{-)) is the optimal control 
to Problem (NPY'^. 



Consequently, the map F is an optimal feedback law for the family of optimal norm 
control problems as follows: {{NPYy'^ : r G [0,r), yo G L^{Q)}. 

With the aid of the equivalence theorem, we also build up two algorithms for the opti- 
mal norm, along with the optimal control, to {NPY''^ and the optimal time, together with 
the optimal control, to (TP)'^^'^, respectively. These algorithms show that the optimal 
norm and the optimal control to {NPY''^ can be approximated through solving a series 
of two-point boundary value problems, and the same can be said about the optimal time 
and the optimal control to (TP)*^'''. 

It deserves to mention that all results obtained in this paper still stand when Equation 
( 11. ip is replaced by 



where a G L°°{Q x (0,T)) and Q is convex (see Remark 12.131) . 

The equivalence between optimal time and norm control problems have been studied 
in [13], [I] and ^ and the references therein. The optimal time control problem studied in 
these papers is to initiate control from the beginning such that the corresponding solution 
(to a controlled system) reaches a target set in the shortest time. Though problems studied 
in the current paper differ from those in [13], our study is partially inspired by [T3j. To 
the best of our knowledge, the equivalence theorem of the above-mentioned three kinds 
of optimal control problems has not been touched upon. Moreover, the feedback law and 
the algorithms established in this paper seem to be new. 

The rest of the paper is organized as follows: Section 2 presents the equivalence 
theorem and its proof. Section 3 provides the above-mentioned two algorithms. In section 
4, we build up an optimal norm feedback law. 




tG (0,T) 




dty - Ay + ay = XuiX{t,t)U in VL x (0, T), 
y = on 9fi X (0,T), 

1/(0) = yo in fi. 



(1.5) 
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2 Equivalence of three optimal control problems 



Throughout this section, the initial state yo is fixed in For simphcity, we write 

?/(■; X(t,t)u) and for y{-; X(T,T)U,yo) and TTiyo) (which is defined by (11 .4^ ). respectively. 
The purpose of this section is to prove the following equivalence theorem: 

Theorem 2.1. When M > and r e [0,T), the problems {OPy^^\ {Tpy^ArM) ^nd 

same optimal control; Whenr G (0,rT) andr G [0,T), the problems 
{NPY'^, (0P)^'*^(^'^) and (rP)^^(^'^)'^ have the same optimal control; When M > and 
r G [r(0,M),rr), the problems (TP)*^'^ (A^P)^'^(a^.O and (OP)^^*^''')'*^ have the same 
optimal control. 



2.1 Some properties on optimal target control problems 

Lemma 2.2. Let M > and r G [0,T). Then, {i) {OPY''^^ has optimal controls; (ii) 
r{T, M) > 0; (Hi) u* is an optimal control to (OPY'^ if and only ifu* G L°°(0, T; L^(f2)), 
with u* = over {t,T), satisfies 

< X{T,T){t)XojP*{t),u*{t) > dt = max / < X{T,T){t)XojP*{t),v{t) > dt, (2.1) 

v{-)€Ur,M Jo 

where p* is the solution to the equation: 

dtP* + Ap* = in nx{0,T), 

p* = on dnx (0,T), (2.2) 

p*iT) = -{y*{T)-za) m 

with y*{-) solving the equation: 

dty* - Ay* = XuX{r,T)U* m fix(0,T), 

= on (9fi X (0,T), (2.3) 

y*(0) = yo ^• 

Proof, (i) and (zii) have been proved in [9] (see the proof of Theorem 7.2, Chapter III in 
[9]). The remainder is to show {ii). For this purpose, we let u* be an optimal control to 
(OP)^'*^ and write y*{-) for y{-;X{T,T)U*,yo)- Then it holds that r(r,M) = ||y*(T) - z4 
and 

1/*(T) G {yiT;Xio,T)U,yo) : w G L-(0, T; ^^(r]))}. (2.4) 

On the other hand, by the null controllability for the heat equation (see, for instance, [3] 
or ||6]), one can easily check that 

{y{T-Xio,T)U,yo) : u e L^{0,T; L^Q))} = {y{T- Xio,T)U,0) : u e L^iO,T- L\Q))} . 
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This, along with (12. 4p and the assumption (11. 2p . indicates that that y*(T) ^ Zd, which 
imphes that r(r, M) > 0. This completes the proof. □ 

Lemma 2.3. Let M > and r G [0,T). Then, (i) u* is an optimal control to [OPY'^^ if 
and only if u* G L°°(0, T; with u* = over (0,r), satisfies the following equality: 

u*(t) = M /"^*i^?„ , fora.e. t e (t,T), (2.5) 



where p* is the solution to li2.S\) . with y*{-) solving the equation \2. {ii) (OPY'^^ holds 
the hang-hang property: any optimal control u* satisfies that \\U*{t)\\ = M for a.e. t G 
{t,T); {Hi) the optimal control of {OPY''^^ is unique. 

Proof. First, the maximal condition (12. ip is equivalent to the following condition: 

<Xu.P*{t),u*{t)>= max <X^P*W,^^°> for a.e. t G (r, T), (2.6) 

where -8(0, M) is the closed ball (in L^(f2)), centered at the origin and of radius M. Since 
p*(T) = —{y*(T)—Zii) 7^ (see (ii) of Lemma [2^ . it follows from the unique continuation 
property of the heat equation (see |8j) that 

\\XujP*it)\\ ^ for each t G [0,T). (2.7) 

Thus, the condition (12. 6p is equivalent to the condition ( 12. 5p . This, along with {Hi) of 
Lemma [2.21 yields (z). Next, {ii) follows at once from (12.51) . Finally, {Hi) follows from 
{ii) (see |5] or [E]). This completes the proof. □ 

Lemma 2.4. Let M > and r G [0,T). Then the two-point houndary value prohlem: 

d,^-A^ = Mxir,T)/^, dt^ + AtP = m Qx{0,T), 

= 0, ij = on dQx (o,r), ^^-^^ 

(p{0) = yo, 'tp{T) = -{ip{T) - Zd) m Vl 

admits a unique solution (y?^'*^, ^^'^) m C{[Q,T]] L'^{Vt)) xC{[Q,T]] L'^{Vt)) . Furthermore, 
the control, defined hy 



IXi^^ 



U^''\t) = MXir,T){t) ,^Zr.Mu{, ^ ^ ^ (2-9) 



is the optimal control to {OPY'^^ , while the corresponding optimal state. Conse- 

quently, it holds that 

\\ip-^^^\T)-Zd\\=r{T,M). (2.10) 
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Proof. By Lemma 12.21 [OPY'^'^ has an optimal control u* . Let y* and p* be the cor- 
responding solutions to Equation fl2.3p and Equation (12. 2p . respectively. Clearly, they 
belong to C([0, T]; L2((])). It follows from {i) of Lemma [2J] that u* satisfies ([23]). This, 
together with (12.21) and (12. 3p . shows that {y*,p*) solves Equation (12. 8p . 

Next, we prove the uniqueness. Suppose that {(pi, ipi) and {(p2, ^'2) are two solutions of 
Equation (12. 8p . Define Ui and U2 by (12. 5p . where p* is replaced by ipi and iIj2, respectively. 
It follows from {i) of Lemma [2.31 that Ui and U2 are the optimal control to {OPY'^^ and 
= y{'i XiT,T)Ui), i = 1,2. Then by {in) of Lemma |2T3| (pi = ip2. Thus, it holds that 
i{^i{T) = ip2{T), from which, it follows that ipi = ip2- 

Finally, if (ip'^'^ jip'^''^) is the solution of Equation (12. Sp . then it follows from (i) of 
Lemma IM] that u^'^ (defined by i^M)) and 

^T,M ^YiQ optimal control and the optimal 
state to {OPY'^ . This completes the proof. □ 

Remark 2.5. The unique continuation property (12.70 for the adjoint equation plays a 
very important role in this paper. This property also holds for the adjoint equation of 
Equation (ILSp . where Q is convex (see [12]). With the help of this fact, one can easily 
check that all results in previous lemmas still stand when the controlled system is Equation 

2.2 Equivalence of optimal target and norm control problems 

Lemma 2.6. Let r G [0,T). Then the map M — )■ r(r, M) is strictly monotonically 
decreasing and Lipschitz continuous from [0, 00) onto (0,rr]. Furthermore, it holds that 

r = r{T, M{r,T)) for each r G (0,rT] (2-11) 

and 

M = M{r{r, M), r) for each M > 0. (2.12) 

Consequently, for each t G [0,T), the maps M — )■ r(r, M) and r — > M(r, r) are the 
inverse of each other. 

Proof. The proof will be carried out by several steps as follows: 
Step 1. It holds that r{T, 0) = and limM_^oo ^{t, M) = 0. 

The first equality above follows directly from the definitions of tt and r(r, 0). Now, we 
prove the second one. Let 5 > 0. By the approximate controllability for the heat equation 
(see |4j), there is a control Us G L°°{t,T; L'^{Q)) such that y{T; X{T,T)Ue) ^ B{zd,e). 
Clearly, G Ur,M for all M > \\ue\\L°°{T,T;L^{n))- Then, by the optimality of r(r, M), we 
deduce that r(r, M) < \\y{T; X(tX)'^£) ~ < £ for each M > ||M£||L°=(T,r;L2(n)), from 
which, it follows that limM^oo'f^i'T, M) = 0. 



7 



Step 2. The map M — )■ r(r, M) is strictly monotonically decreasing. 

Let < Ml < M2. We claim that r(r, M2) < r(r, Mi). Seeking for a contradiction, 
suppose that r(r, M2) > r(T, Mi). Then optimal control Ui to {OPY''^^^ would satisfy 
that \\yiT; X{t,t)Ui) — Zd\\ = r{T, Mi) < r{T, M2) and Ui G Wt-,a/i C Ur^M^- These yield that 
Ui is the optimal control to {OPY'^^. By the bang-bang property of {OPY'^^ (see {ii) 
of Lemma [2.3p . it holds that ||Mi(t)|| = M2 for a.e. t G {t,T). This contradicts to that 
Ui E Ur^Mi, since Mi < M2. 

Step 3. The map M r{T, M) is Lipschitz continuous. 

Let Mi,M2 G [0,00). Without loss of generality, we can assume that < Mi < M2. 
Let u* be optimal control to {OPY''^^^. Then by the monotonicity of the map M — )■ 
r(r, M) and the optimality of u* to {OPY'^^^, we see that 



TA , 




e yo + 


I 







> 



r(r,Mi) > r(r,M2) 
e^%+ [\^^-^^'^^u*{s)ds-Zd 



,(T-s)A, * 



u*{s)ds — Zd 



(M2 - Ml 
Mo 



T 



,(r-s)A, * 



u*{s)ds 



Ml 

Since t-^m* € Wt-,Mi, it follows from the definition of r(r. Mi) that 
M2 



TA , 




e 2/0 + 


/ 







e^T-^^^^u*{s)ds-Zd 
M2 ^ ' 



> r(r,Mi). 



Because ||M*||L°°(r,r;L2(Q)) < M2, we find that 



||e(^~^)^||||M*(s)||rfs < M2{T-t). 

Putting the above three estimates together leads to the estimate as follows: 

r(r. Ml) > r(r, M2) > r(r. Mi) - (M2 - Mi), 

from which, it follows that 

|r(r,Mi)-r(r,M2)| < |Mi-M2|(T-r) for all Mi, M2 G [0, 00). 

Step 4. The proof of [2ll\) 

First of all, by the definitions of , one can easily check that M{rT, r) = and 



tt = r{T, 0) = r(r, M^r^, r)). 



(2.13) 
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Then, let r G (0, r^). By Step 2, M(r, r) > for this case. We are going to prove the 
following two claims: 

Claim one: r > r{T, M{r,T)) and Claim two: r < r{T, M{r,T)) . 

Clearly, these claims, together with f l2.13p . lead to (12. lip . To prove the first claim, we 
let u be an optimal control to [NPY''^ (the existence of such a control is provided in 
[3]). Then it holds that \\y(T; X(t,t)u) — Zd\\ < r and u G Ur,M{r,T)- These, along with the 
definition of r(r, M), shows Claim one. 

Now we show the second claim. Seeking a contradiction, suppose that r > r(r, M(r, r)). 
Since the map M — )■ r(r, M) is continuous and strictly monotonically decreasing, there 
would be a Mi G (0,M(r, r)) such that r(r. Mi) = r. Thus, the optimal control ui to 
(OP)^'*^i satisfies that 

\\ui\\L°-{T,T;L^n)) = Ml < M{r,T) and ||y(T; X(t,t)^^i) - = ^(t", Mi) = r. (2.14) 

The second equality in (12.141) implies that Ui G Wr,r, which, together with the optimality of 
M(r, r), indicates that M(r, r) < ||'Ui||L°°(r,T;L2(f7)). This contradicts to the first inequality 

in dm. 

Step 5. The proof of /12.1B) . 

One can easily check that r(r, M) G (0, tt] whenever M > and r G [0, T). Thus, we 
can make use of (12. lip to get that 

r{T,M) = r{T,M{r{T,M),T)), M>0,rG[0,T). (2.15) 

Since the map M — )■ r(r, M) is strictly monotone, (I2.12p follows from (I2.15P at once. 
In summary, we complete the proof. □ 

Proposition 2.7. (i) The optimal control to {OPY'^^ , where Af > and t G [0,T), is 
an optimal control to (^NPy^'^'^^^''^ . (ii) Any optimal control to {NPY''^, where r G [0,T) 
and r G (0,rT'], is the optimal control to (OP)'^'^^^''''^^ (Hi) For each r G [0,T) and each 
r G [OjTt], {NPY''^ holds the bang-bang property (i.e., any optimal control u* satisfies 
that \\u*{t)\\ = M{r,T) for a.e. i G {t,T)) and the optimal control to [NP)''"''^ is unique. 

Proof, (i) The optimal control u to {OPY'^^ satisfies that y{T; X(t,t)u) G B{zd,r{T, MY, 
\\u\\L°°(T,T]L'2(ny) = M and u = over (0, r). These, together with (I2.12p . indicate that u is 
an optimal control to (A^P)^('^'^^)'^. (ii) An optimal control v to (NPY'"^, where r G [0, T) 
and r G (0,rr], satisfies that ||^^||l°°(t,T;L2(c)) = ^('")T), || X(t,t)^) — Zd\\ < r and 
f = over (0,r). These, along with (12. lip , yields that that v is the optimal control to 
(OP)^'*^^^''^-*. {Hi) The bang-bang property and the uniqueness of (NPY'^ follow from (ii) 
and Lemma 12.31 This completes the proof. 

□ 
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2.3 Equivalence of optimal norm and time control problems 

Lemma 2.8. Let r G (0, rj-) and M > M(r, 0). Then, (TP)^^'** has optimal controls. 
Moreover, it holds that T{M,r) < T. 

Proof. We first claim that when u G V(M,r, the supremum in (11.31) can be reached, i.e. 

y{T; X{t{u),t)u) G B{zd, r) and u G Ur{u),M when u G UM,r- (2.16) 

Here, we simply write r(u) for TM,r{'a), which is defined by (11. 3p . To this end, we let 
u G UM^r- Then by the definition of t{u), there is a sequence {r„} C [0,T) such that 
Tn ^{u), y{T] XiT„,T)u) G B{zd,r) and u G Ur„,M. From these, fl2.16p follows at once. 

Next we notice that {NPY'^ has optimal controls (see ^) and any optimal control to 
(NPY'° belongs to WAf(r,o),r C Z^A/.r (since M > M(r,0)). These imply that UM,r 7^ 0- 
Thus, there is a sequence {«„} C WM,r such that r(M„) — ?■ r(M, r). On the other hand, by 
f l2.16p . y{T; XiT{un),T)Un) ^ B{zd,r) and m„ G Ur(un),M- Hence, there exist a subsequence 
of still denoted in the same way, and a control v* G L°°(0,T; ^^(n)) such that 

X(r{n„),T)Mn X(r(M,r),T)^^* Weakly Star in L°°(0,T; ^^(fi)) 

and 

2/(7"; X(?{n„),T)M„) y{T; X(T(M,r),T)V*). 

From these, it follows that y{T]X(T{M,r),T)V*) G B{zd,r) and f* G Ur(M,r),M- Hence, 
XiT{M,r),T)V* is an optimal control to (TP)^^'^. 

Finally, since r < Tt and y(T; XiT{M,r),T)V*) G B{zd,r), it follows that r(M, r) < T. 
This completes the proof. □ 

Lemma 2.9. Lei r G (0,rj'). T/ien t/ie ma;) r — )■ M(r, r) zs strictly monotonically 
increasing and continuous from [0,T) onto [M(0,r),oo). Furthermore, it holds that 

M = M{r, t{M, r)) for each M G [M(r, 0), 00) (2.17) 

and 

r = r(M(r, r), r) /or each r G [0, T). (2.18) 

Consequently, the maps r — > M(r, r) anc? M — )■ r(M, r) are t/ie inverse of each other. 

Proof. We carry out the proof by several steps as follows: 

Step 1. This map is strictly monotonically increasing over [0,T). 

Let < Ti < r2 < T. We claim that M(r, ri) < M(r, T2). Seeking for a contradiction, 
suppose that M{r,T2) < M(r, ti). Then the optimal control U2 to {NPY''^^ would satisfy 

||X(r2,T)M2||L-(o,r;L2(Q)) = M(r, Tg) < M(r, Ti) and y{T;XiT2,T)U2) e B{zd,r). 
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These imply that X{t2,t)U2 is the optimal control to {NPY''^'^. Then, it follows from the 
bang-bang property of (A^P)'''^^ (see Proposition 12. 7p that ||X(r2,T)'W2(i)|| = M{r,Ti) over 
(''"i,T2)- This contradicts to the facts that ti < T2 and M{r,Ti) > (which follows from 
r < tt). 

Step 2. < ri < r2 < • • ■ < r„ ^ r < T ^ M(r, r„) M(r, r) . 

If this did not hold, then by the monotonicity of the map r — M(r, r), we would have 

lim M(r, r„) = M(r, t) - 5 for some 5 > 0. (2.19) 

n— J-oo 

Let M„ and ?/„ be the optimal control and the optimal state to (OP)^"'*^^'''''"^ respectively. 
Then, it follows from Lemma 12.21 that 

/ < XioPn,X{T„,T)Un >dt > < XcoPn, X{T„,T)Vn > dt for Cach f„ G W^„,M(r,r„)j(2.20) 

7o Jo 

dtVn - A?/„ = Xa;X(r„,r)Mn in X (0, T), 
2/„ = onanx(0,T), 
l/n(0) = Vo in fi. 



atp„ + Ap„ = infix(0,T), 
p„ = on9fix(0,T), 
p„(T) = -{yn{T) - Zd) in fi. 

Besides, by the optimality of y„ and (12.111) (in Lemma [2^ . we see that 

||y„(T) -Zd\\= r{M{r, r^, r„) = r for all n G N. (2.21) 

Since r„ — )■ r and ||Mn||L°°(r„,T;L2(n)) = M{r,Tn) < M{r,r) — 6, there exist a subsequence, 
still denoted in the same way, and a control u G L°°(0,T; L^(fi)) such that 

X(r„,T)M„ ^ X(r,T)M wcakly star in L°°(0, T; ^^(fi)). (2.22) 

This, together with the equations satisfied by ?/„ and p„ respectively, indicates that 

Vn^y and Pn^P in C{[0,T]; L\Q)), (2.23) 

<9ty - Ay = XuX{r,T)U innx (0, T), 

y = on(9fix(0,T), (2.24) 

^(0) = yo in 
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and 

dtp + Ap = mfix(0,T), 

p = on9fix(0,T), (2.25) 

piT) = -iy{T) - Zd) in a 

In addition, it follows from f l2.2ip and f l2.23p that ||y(T) — Zd\\ = r. By making use of 
(12. lip again, we deduce that 

\\y{T)-z4=r{T,M{r,T)). (2.26) 
Now, we take a f G Ur,M(r,T)-5- Since M(r, r) — 5 > 0, it holds that 

M(r,r„.) 

Then, it follows from (1^:^ that 

-it> > at. 



I < XojPn,XiTr,,T)Un) > dt > < Xu^Pn, TJT \ 7X(r„,r) 

Jo y-i T) — 

By fl2.19p . f l2.22p and fl2.23p . we can pass to the limit in the above to get that 

/ < XujP , X{t,t)U > dt> < XujP , X{t,t)V > dt for all v G W^,M(r,T)-5,- 
Jo Jo 

This, along with the fact that u G Ur^M{r,T)-5, (which follows from (I2.22p ). indicates that 
/ < Xu;P , X{t,t)U > dt= max / < Xu;P , X{t,t) > dt. 

Jo V&Ur^M{r,T)-5, Jq 



According to Lemma [2. 2^ the above equality, together with fl2.24p and f l2.25p . shows that 
X(t,t)U and y are the optimal control and the optimal state to (OP)^'*^*^'"''^^^^'. Therefore, 
it stands that \\y(T) — z^W = r{T, M{r,T) — 6), which, combined with f l2.26p . indicates 
that r(r, M(r, r)) = r(r, M(r, r) —S). This contradicts with the strict monotonicity of the 
map M r{T, M) (see Lemma [2. 6p . 

Step 3. T > Ti > ■■ ■ > T >0 ^ M{r, r„) M{r, r). 

If this did not hold, then by the monotonicity of the map r — )■ M(r, r), we would have 
that lim„^oo (r, r„) = M(r, r) + 5 for some 5 > 0. Following the same argument as 
that in Step 2, we can derive that rij, Mir^r)) = r{T, M{r,T) + 6). This contradicts to 
the strict monotonicity of the map M — )■ r(r, M). 
Step 4- limT-_i. J- M(r, r) = oo. 
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Seeking for a contradiction, we suppose that < ri < ■ ■ ■ < r„ — )■ T and lim„_^oo M(r, r„) = 
M < oo. Let Un and ?/„ be the optimal control and state for {NPY''^"-. Then we would have 
that X(r„,T)Un weakly star in L°°(0, T; ^^(fi)) and ^ ?/(-;0) in C([0, T]; L2((])). 
Thus, it holds that = WviT; 0) — z^H = lim„^oo \\yn{T) — Zd\\ < r, which contradicts to 
the assumption that r < r-r- 
Step 5. The proof of \2.11\l 

By Lemma [2.8[ the problem (TP)^''^ has an optimal control u. It holds that 

yiT;X{r{M,r),T)U) e B{Zd,r) and \\u\\Lo.(^^,^M,r),T;LHn)) < M. (2.27) 

From the first fact in ( \2.27\\ . we see that u G Ur^T{M,r)- This, together with the optimality 
of M(r, r) and the second fact in f l2.27p . shows that 

M > M{r,T{M,r)). (2.28) 

Seeking for a contradiction, suppose that M > M{r,T{M^r)). Since the map r — ^ 
M(r, r) is continuous and strictly monotonically increasing, there would be a ri, with 
Ti e (r(M,r),T), such that M(r,ri) = M. Clearly, the optimal control Ui to (A^P)''-^! 
satisfies that 

||^ii||L->(ri,T;L2(n)) = M(r, Ti) = M and y{T;X{Ti,T)Ui) e B{zd,r). (2.29) 

From these, it follows that ui G W^/.r- Then, by the optimality of r(M, r) , (11. 3p and (I2.29p . 
we deduce that r(M, r) > t{ui) > Ti, which contradicts with that ri G {T{M,r),T). 
Step 6. The proof of ^2. igj) . 

Let r G [0, T). By Step 1, it follows that M(r, r) > M(r, 0). Then we can apply (12A71) 
to deduce that M(r, r) = M(r, r(M(r, r), r)). By making use of Step 1 again, we obtain 
that r = T{M{r,T),r). 

In summary, we complete the proof. □ 

Proposition 2.10. {i) Any optimal control to (TP)^^'**, where r G (0,rT) and M > 
M{r, 0), is the optimal control to (^NPY''^^'^'^\ [ii] The optimal optimal control to (NPY''^ , 
with T G [0, T) and r G {0,rT), is an optimal control to (TP)^^*^''''^)'''. (Hi) For each 
r G (0,rT) and each M > M{r,0), (TP)^'^ holds the bang-bang property (i.e., any op- 
timal control u* satisfies that ||'u*(t)|| = M for a.e. t G {T{M,r),T)) and the optimal 
control to (TP)*^'^ is unique. 

Proof, (i) An optimal control u to (TP)^'"^ satisfies that u = over {T{M,r),T), 

yiT]X(T(M,r),T)U) G B{Zd,r) and \\u\\L^(^r{M,r),T;L2{n)) < M. 

These, together with (HAT} , yields that u is the optimal control to (Arp)^'^(^'^). (H) The 
optimal control v to {NPY''^ satisfies that v = over (r, T), ||M||L°°(T,r;L2(n)) = M(r, r) and 
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y{T; X{t,t)u) G B{zd,r). These, together with f l2.18p . yields that u is an optimal control 
to (TP)^^*^^'"^)'^. [iii] The bang-bang property and the uniqueness of (TP)*^''~ follow from 
{Hi) of Proposition l2n and (z) above. This completes the proof. □ 

2.4 Equivalence of optimal target and time control problems 

Though the equivalence between optimal target and time control problems can be 
derived from Proposition 12.71 and Proposition I2.10[ the properties of maps r — )■ r(r, M) 
and r — )■ r(M, r) are independently interesting and will be used in the next section. This 
is why we introduce what follows. 

Lemma 2.11. Let M > 0. Then the map r ^ r{T, M) is strictly monotonically increasing 
and continuous from [0,T) onto [r(0, M), rr). Furthermore, it holds that 

r = r{T{M, r), M) for each r E [r(0, M),rT), (2.30) 

T = t{M, r(r, M)) for each r G [0, T). (2.31) 
Consequently, the maps r — )■ r(r, M) and r r{M,r) are the inverse of each other. 

Proof. We carry out the proof by several steps as follows: 
Step 1. The map r — i- r(r, M) is strictly monotonically increasing. 
Let < Ti < r2 < T. It follows from that 

M(r(ri, M), n) = M(r(r2, M), ra). (2.32) 

We first claim that 

r{T2,M) G (0,rT) when M > 0. (2.33) 

In fact, on one hand, it is clear that r(r2, M) > (see Lemma [2.2p . On the other hand, 
since the map M — > r(r2,M) is strictly monotonically decreasing (see Lemma l2.6p . it 
holds that r(r2,M) < r(r2,0) = \\y(T;0) — Zd\\ = tt- Then by ( 12.33p . we can apply 
Lemma ED to get that M(r(r2, M), rs) > M(r(r2, M), ri). This, together with (12^ . 
yields that 

M(r(ri, M), n) > M(r(r2, M), n). (2.34) 

Since the map r — )• M(r, ri) is strictly monotonically decreasing (see Lemma l2.6p . it 
follows from fl234D that r(ri,M) < r(r2,M). 
S'tep ^. r/ie map r ^ r{T, M) is continuous. 
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Since for each r G [0,T), the map r — )■ M(r, r) is continuous and monotonic over 
(0, tt) (see Lemma [2^6]) . and for each r G (0, r^), the map r — )• M(r, r) is continuous (and 
monotonic) over [0,T) (see Lemma [2 .9^ . it follows that 



the map (r, r) — )• M(r, r) is continuous over (0,rT) x [0,T). 



(2.35) 



Now we prove that the map r — )► r(r, M) is continuous from left. For this purpose, we 
let < Ti < r2 < ■ ■ • < r„ — 7- r < T. Then by the monotonicity of {t„}, lim„_j.oo t(t„, M) 
exists. Thus, it follows from fl2.35p that 



On the other hand, by fl2.12p . it stands that 

M(r(r„, M), r„,) = M = M(r(r, M), r) for all n. 

These yield that M (lim„_j.oo t(t„, M), r) = M{r{T, M),t). This, together with the strict 
monotonicity of the map r — )■ M(r, r) (see Lemma [2T6|) . indicates that lim„_j.oo fijm M) = 
r{T, M). Thus, the map r — > r(r, M) is continuous from left. Similarly, we can prove that 
it is continuous from right. 
Step 3. It holds that limT-_j,r r(r, M) = rx- 

Clearly, the optimal control Ur to {OPY'^'' satisfies that \\y(T; X(T,T)UT)—Zd\\ = r{T, M) 
and \\ur\\L^[T,T;L'^{n)) ^ One can easily see that XiT,T)Ur — in L°°(0,T; L^(f2)) as r 
tends to T, from which, it follows that y{T] X(o,t)Mt) — ^ yiT; 0) as r tends to T. Therefore, 
it holds that tt = \\y (T; 0) - z^H = lim ^^r \\y(T; X(o,r)Mr) - Zd\\ = \imr^Tr{T, M). 
Step 4. The proof of / fOOl) and ^2M)- 

We start with proving the following: 



where Ai = {(M,r) : r G (0,rT),M > M(r,0)} and = {(M,r) : M > 0,r G 
[r(0,M),rT)}. In fact, if (M,r) G A, since r > 0, it follows that M > 0. On the 
other hand, because M > M(r, 0), we can apply Lemma 12.61 to get that r(0, M) > 
r(0, M(r, 0)) = r. Thus, it stands that (M, r) G A2- Similarly, we can prove that A2 C Ai. 

Next, it follows from fl236D and (12X7]) that M = M(r,r(M,r)) when M > and 
r G [r(0, M), r^-). This, together with (12. lip , indicates that 

r(r(M, r), M) = r(r(M, r), M(r, r(M, r))) = r for each r G [r(0, M), rr), 

which leads to (lOOll . 

Finally, because r(r, M) G (0,r7^) (see fl2.33p ). we can make use of (12.180 to get that 
T{M{r{T,M),T),r{T,M)) = r, which, along with (12121) . gives (ICTD . 

In summary, we complete the proof. □ 




lim M(r(r„, M), r„) = M( lim r(r„, M), r). 



^1 = ^2, 



(2.36) 
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Proposition 2.12. The optimal control to (TP)*^''~, where M > and r G [r(0, M), r^), 
is the optimal control to (OP)^*-*^''''''*^. Conversely, the optimal control to (OPY'^'^ , where 
M >0 andr e [0,T), is the optimal control to (TP)^'''^^'^^\ 

This proposition can be directly derived from Lemma 12.111 Also it is a consequence 
of Proposition \2.7\ Proposition 12. lOl and fl2.36p . We omit its proof. 

2.5 Proof of Theorem [2J] 

Let (Pi) and (P2) be two optimal control problems. By (Pi) =^ {P2), we mean that 
the optimal control to (Pi) is the optimal control to (P2). The proof will be carried out 
by several steps as follows: 

Step 1. (OPY'^^ (TP)A^'^(-'*^) ^ (Arp)'-(-'A^)'- ^ (0P)"■^^ M >0, T E[0,T). 
{OPy^"^ (TPy'^''<^'^^'>: It follows from Proposition O 

r{T,M) e (0,rr) when M > and r G [0,r). (2.37) 

In fact, it follows from Lemma [2.21 that r(r, M) > 0. On the other hand, since M > 
and the map M — )■ r(r, M) is strictly monotonically decreasing (see Lemma [2. 6p . it holds 
that r(r, M) < r(0, r) = ry. These lead to flOTl) . 
We next claim that 

M > M(r(r,M),0) when M>0 and rG[0,T). (2.38) 

Indeed, since the map r — t- r(r, M) is monotonically increasing (see Lemma [2.9p . it holds 
that r(0,M) < r(r, M). Because the map r — )■ M(r, 0) is monotonically decreasing (see 
LemmaEH), it stands that M(r(0,M),0) > M(r(r,M),0). This, combined with (12^^ . 
shows f l2.38p . Now, by (12. 370 and f l2.38p . we can apply Proposition 12.101 together with 
(IXTSll . to get (rP)*^'^(-'^^) ^ (Arp)'-(-'A^).-. 

(jVP)''(^'*^)'^ ^ (OP)^'^^: By (|2:37D . we can make use of Proposition [221 together with 
([2:T2|) . to get (iVP)"(-'^^)'" ^ (OP)"'*^ 

Step 2. {NPY'^ (0P)"'^^("'") (rP)*^('''")'" ^ (A^P)"'^ r G (0,rT), r G [0,T). 
{NPY'^ (0P)^'*^('"'^): It follows from Proposition [221 
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M{r,T) > when r G (0,rT) and r G [0,T). 



(2.39) 



In fact, since r-r = |||/(T;0) — 2:^11, it holds that M(rr,r) = 0. On the other hand, since 
r < tt and the map r — )■ M(r, r) is strictly monotonically decreasing (see Lemma [2.61) . 
we see that M(r, r) > M(r7-,r). Thus, fl2.39p follows immediately. Now, by fl2.39p . we 
can apply Proposition [2l2l along with fl2lT]) . to derive (OP)^'^^^'''^) (2-p)Af(r,r),r_ 

irpp'^M(r,T),r _^ (A^py'''^; Since r G (0,rr), the map r — )■ M(r, r) is monotonically increas- 
ing (see Lemma [2.9p . Thus, it holds that M(r, r) > M(r, 0). Then we can make use of 
Proposition EUni together with (I218D . to yield (TP)^('''^)'^' {NPY'^. 

Step 3. (TP)^^-' {NPY'^^^^"-^ =^ (OP)-(^-0,M ^ {TP)M,r^ M > 0, r e [r{0,M),rT). 

^rppyi,r ^ (jvp)r,T(M,r). foUo^g £^^1 flOHD and Proposition Eini 

(jYP)r,r(A/,r) ^ (^(3p)r(A^,r),M. gj^^^g r > in this casc (see I^M>), we can apply Propo- 
sition |2T1 together with fl2J2|) . to get (Arp)'^.^(A'^.O ^ (op)r{M,r),M_ 

^Qpy{M,r),M ^ (TP)M,r. foUows from Proposition together with (ESnD- 

In summary, we complete the proof of Theorem 12.11 □ 

Remark 2.13. All results in this section hold for the case where the controlled system is 
Equation (11. 5p . In fact, these results hold for the three kinds of optimal control problems 
studied in this paper, when the adjoint equation of the controlled heat equation has the 
unique continuation property (12. 7p . 

3 Applications I: Algorithms for M(r, r) and t(M, r) 

Throughout this section, we fix an initial state ?/o ^ -L^(f2) and write tt for rT{yo)- 
For each M > and r G [0,r), (y?^'^^, ^^•^) denotes the unique solution to the two- 
point boundary value problem (12. 8p and ip'^'^^ (or ip'^'^'^)) stands for the first (or second) 
component of this solution when it appears alone. 

Proposition 3.1. Let r G [0, T) and r G (0,r7^). Then M* , u* and y* are the optimal 
norm, the optimal control and the optimal state to {NPY''^ if and only if M* , u* and y* 
satisfy that M* > 0, 



y*{T) - Zd\\ = r, 



(3.1) 
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U*{t) = M*X(r,T){t) 



te[r,T) 



(3.2) 



and 



(3.3) 



Proof. Suppose that M*, u* and y* are the optimal norm, the optimal control and the 
optimal state to {NPY''^. Clearly, M* = M{r,T). It follows from Lemma 12.61 that 
M(r, r) > M{rT,T). Hence, M* > 0. Then, by Theorem 12.11 u* and y* are the optimal 
control and the optimal state to (OP)^'^^'-''''^^ = {OPY''^^* , respectively. On the other 



control and the optimal state to {OPY'^^ . Then, by the uniqueness of the optimal 
control to this problem, (13. 2p and (13. 3p follow at once. Besides, by the optimality of y* to 
^QPY,M{r,T)^ we see that ||y*(T) - z4 = r{T,M{r,T)). This, together with firilD . gives 

Conversely, suppose that a triplet {M*,u*,y*), with M* > 0, enjoys fl3.ip . 03.21) and 
(13. 3p . According to Lemma 12.41 it follows from (13. 2p and (13. 3p that u* and y* are the 
optimal control and the optimal state to {OPY'^^* and that ||?/*(T) — ^^H = i^{M*,t), 
which, together with (13. ip . shows that r = r{M*,T). Then, by Theorem 12.11 u* and 
y* are the optimal control and the optimal state to (iVP)^*^*^*'^'*'^ = {NPY'^- Hence, 
||^*||L°°{r,T;L2(n)) = M{r,T), which, along with (13. 2p . indicates that M* = M{r,T), i.e., 
M* is the optimal norm to {NPY''^. This completes the proof. □ 

By Theorem 12. H Lemma 12.41 and Lemma 12. IH following a very similar argument used 
to prove Proposition 13. H we can verify the following property for (TP)*^'^. 

Proposition 3.2. Let r G (OjTt) and M > M(r, 0). Then t* , u* and y* are the optimal 
time, the optimal control and the optimal state to (TP)^'^ if and only if r* , u* and y* 
satisfy that r* e [0,r), 



hand, it follows from Lemma [2.41 that M*X{t,t) 




and y'^' 



are also the optimal 



y*{T) - Zd\\= r, 



U*{t) = MXir',T){t) 



t e {r*,T) 



and 



y*{t) = ^^'^'\t), tG[0,T]. 
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The above two propositions not only are independently interesting, but also hint us to 
find two algorithms for the optimal norm, together with the optimal control, to {NPY''^ 
and the optimal time, along with the optimal control, to (TP)*^'^, respectively. First of 
all, we build up, corresponding to each r G (0, ry) and each r G (0,T), a sequence of 
numbers as follows: 

• Structure of {M„}^q: Let Mq > be arbitrarily taken. Let G N be such that 

K = min{A; : r(r, kMo) < r, k = 1,2, ■ ■ ■}. 

( The existence of such a i^" is guaranteed by Lemma [221) Set Oq = and Bq = KMq. 
Write Ml = ^2^__2._ general, when = ^ ^ — with a„_i and being 
given, it is defined that 



and Mn+i 



{M„,6„„i} if r(r,M„) >r 
{a„_i,M„} if r(r,M„)<r 



Remark 3.3. Let r G [0, T) and r G (0, tt) be given. For each M > 0, we can determine 
the value r(r, M) by solving the two-point boundary value problem (12. 8p corresponding 
to (r, M), since r(r, M) = ||(/)'^'*^(T) — (see Lemma [27^]) . Clearly, Mi is determined by 
fC. Since the map M — r(r, M) is strictly monotonically decreasing and r(r, M) tends 
to as M goes to oo (see Lemma [2.6p . K can be determined by solving limited number 
of two-point boundary value problems (12. 8p corresponding to (r, M) with M = kM^, 
k = 1,2, ■■ ■ ,K. On the other hand, when n > 1 M^+i is determined by yj^'^"'"^, which 
can be solved from (12. 8p corresponding to (r, M„). In summary, we conclude that the 
sequence {M„}J^q can be solved from a series of two-point boundary value problems 
(EID corresponding to (r,M), with M = kMo, k = 1,2, ■ ■ ■ , K and with M = Mn, 
n= 1,2, 

Theorem 3.4. Suppose that r G (0,rT') and r G [0,T). Let {M„}J^q &e the sequence 
built up above. Let Un = MnXlrT)!, — n— ft ^''^d u* be the optimal control to (NPY''^ . 

' IIxlj^^' "II 

Then it holds that 

Mn^M{r,T) (3.4) 

and 

Un^u* m L'^{t,T;L'^{VL)) and m C{[t,T - 5\; L'^{Vl)) for each 5 e {0,T - r). (3.5) 
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Proof. For simplicity, we write {ipn, "^n) for the solution (y?'^'^", ■?/''^'^") with n = 1, 2, ■ ■ ■ . 
We start with proving (13.41) . From the structure of {M„}, it follows that M„ G [a„,6„] C 

[a„_i,6„_i] and 6„ - a„ = ^ Thus, it holds that lim„^ooan = lim„_+oo&n = 

lim„_5.ooM„. Since the map M — > r(r, M) is continuous (see Lemma 12^61) and r(r, a„) > 
r > r(r, 6^,) (which follows also from the structure of {M„}), we find that r(r, lim„_j,oo Mn) = 
r. This, along with (12. lip , indicates that 

r(r, lim M„) = r(r, M(r, r)). (3.6) 

n— >oo 

Then, (13. 4p follows from (13. 6p and the strict monotonicity of the map M — )■ r(r, M) (see 
Lemma 12. 6p . 

Next, write y*{-) and ?/„(■) for the solutions ?/(■; X(t,t)U*) and ?/(■; X(r,T)^n)5 respectively. 
We claim that 

Un^u* weakly Star in L^{t,T; L^{n)) and Vn ^ y* in C {[0 , T]; (n)) . (3.7) 

In fact, by the definitions of m„ and ?/„, it follows from Lemma 12.41 that they are the 
optimal control and the optimal state to {OPY'^^", respectively. We arbitrarily take 
subsequences of and denoted by {u'^^} and {|/^^}, respectively. Clearly, there 

are subsequences {un,.} of {u'^,,} and {yuk} of {y'r^.} such that 

Un, u weakly star in L°°{t,T] L'^{Q)) and ?/„, -> y in C([0, T]; L2(fi)), (3.8) 

where y(-) = y{-; X{t,t)u). These, along with (13. 4p and (13. 6p . indicate that 

\\u\\L°°{T,T;L^in)) < lim ||MnJ|L°°(T,T;L2{Q)) = hm = M(r, t) 

and 

ll^(r) -Zdll = lim \\ynk{T) - Zd\\ = lim r{T,MnJ = r{T, lim M„J = r{T,M{r,T)). 

k—^oo n— ^-oo k—^oo 

From these, we see that u and y are the optimal control and the optimal state to 
(^OPy'^^^'^''^\ Then, according to Theorem 12.11 they are the optimal control and the 
optimal state to {NPY''^. Since the optimal control to {NPY''^ is unique, (13. 7p follows 
from (K8\\ . 

Now we verify the first convergence in (13. 5p . By the first convergence in (13. 7p . we see 
that 

Un^u* weakly in L'^{t,T; L'^{Q)). (3.9) 
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On the other hand, according to Proposition 13.11 it stands that 

u*it) = M{r,r)x^r,T,{t)^^^^^ t e [0,T) (3.10) 

2/* = </^"'*'^'''"^ and \\y*iT) - z^W = r. (3.11) 
By the definition of m„, f l3.10p and (13. 4p . we see that 

\\Un\\L2{T,T;L^{n)) || || L2 (r,T;L2(Q)) • 

This, along with (13. 9p . yields the first convergence in (13. 5p . 

Finally, we show the second convergence in (13. 5p . By the first equality of (13. lip and 
the second convergence in (13. 8p . we see that yn{T) — )■ y9^'^^(''''^)(T) strongly in L^(fi). This, 
together with the equations satisfied by and tp'^'^''^^'^'^\ respectively, indicates that 

^ V'"'*'^'''"^ in C{[0,T];L\n)). (3.12) 

Then we arbitrarily fix a 5 G (0,T — r). By (I3.10p and by the definition of m„,, after some 
simple computation, we deduce that for each t E [0,T — 6], 

\\un{t) - u*{t)\\ < |M„ - M(r, r)| + llx^^n(t) - x.^^'^^^^'^H^)!!- (3.13) 

On the other hand, by the second equality of (13.111) and the unique continuation 
property (see |8]), it follows that \\Xu^^^'^'^'''^\t)\\ ^ for all t G [0,T). This, together 
with the continuity of ■;^'^'*^('''''^)(.) over [0,T — 5], yields that 

max ■ — —, — ry—T7 < Cs for some positive Cs- (3.14) 



Now, the second convergence in (13.51) follows immediately from (I3.13p . (13. 4p . (I3.12p . and 
(I3.14p . This completes the proof. 

□ 

We end this section by introducing an algorithm for the optimal time and the optimal 
control to (TP)*^'^. For each pair (M, r) with r G (0, tt) and M > M{r, 0), we construct 
a sequence {r^j^o [0'^) follows. 

• Structure of {r„}J^]^: Let Oq = and bo = T. Set Ti = ^ ^° . In general, when 

Tn = " ^ " with a„_i and 6„_i being given, it is defined that 
2 



{an,bn} 

an + K 



} if r{Tn, M) > r, 

{Tn,bn-l} if r{Tn,M) < T 



and r„+i 
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Remark 3.5. Since r(r„, M) = ||(y9'^"'*^(T) — ZdW, Tn+i is determined by y)"^"'*^, which can 
be solved from (12. 8p corresponding to r = r„. 

By Theorem 12. 11 Lemma [231 Lemma [2 .111 and Proposition [321 following a very similar 
argument to prove Theorem 13 ■4[ we can verify the next approximation result. 

Theorem 3.6. Suppose that r G (0,rT) and M > M(r, 0). Let {r^jj^^i be the sequence 

built up above. Let m„ = Mxu r)7r~~ aTTT ^'^'^ '^he optimal control to (TP)^^'^ . 

Then it holds that 

T~n r) as n — 7- oo 

and 

Un-^u* in L'^{T{M,r),T;L'^{n)) and in C{[T{M,r),T - 5]; L'^{n)) 
for each 6 G (0, T - r(M, r)). 

Remark 3.7. (i) From the above-mentioned two algorithms, we observe that the optimal 
norm and the optimal control to {NPY'^ and the optimal time and the optimal control to 
(TP)*^'^' can be numerically solved, through numerically solving the two-point boundary 
value problems (12. 8p with parameters M and r suitably chosen. 

(ii) All results obtained in this section hold for the case where the controlled system is 
Equation (11.51) (see Remark [2. 13p . 



4 Application II: Optimal Normal Feedback Law 

Throughout this section, we arbitrarily fix a r > 0. We aim to build up a feedback 
law for norm optimal control problems. 

4.1 Main results 

We first introduce the following controlled equation: 

dtv -Ay = mVtx {to, T), 

y = on9fix(to,T), (4.1) 

yito) = yo, innx {to,T). 

where (to^Z/o) ^ [0)^) ^ L'^{Q). Denote by y{-;u, to, i/q) the solution to Equation (14.10 
corresponding to the control u and the initial data (tol/o)- Then, we define the following 
optimal target control and optimal norm control problems. 
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. (0P),^,„: inf{|||/(T;M,to,yo)-;^df :wGL~(to,T;S(0,M))}; 

• {NP)t,,y,: inf{||M|Uoo(t„,r;L2(c)) :MeL-(to,T;L2(fi)),|/(T;M,to,l/o) G5(2;rf,r)}. 

Throughout this section, 

• M^j^jj stands for the optimal control to {OP)f^y^; 

• N(to,yQ) denotes the optimal norm to (A^P)^^^^^. 

Thus A^(-, ■) defines an optimal norm functional over [0,T) x L^(f2). 

The only difference between optimal target control problems (OP)"'^ (which was 
introduced in Section 1) and {OP)f'^y^ is that the initial data for the first one is (0, yo) 
while the initial data for the second one is {to,yo). The same can be said about the 
norm optimal control problems. Therefore, corresponding to each result about (OP)*^'*^ 
or (A^P)''"'°, obtained in Section 2 or Section 3, there is an analogous version for {OP)^y^ 
or {NP)to,yo- 

A feedback law for the norm optimal control problems will be established, with the 
aid of the equivalence between norm and target optimal controls and some properties of 
{pP)^y^. Those properties are related to the following two-point boundary value problem 
associated with M > 0, to G [0,T) and yo G L^(fi): 

dty-^y = M^^ dtiJ + ^ij = Q in r]x(to,T), 

(A 0\ 

y = 0, V = on (9fix(to,T), ^^-^^ 

y{to) = 1/0, ipiT) = -{y{T) - Zd) in Vt. 

Similar to Lemma^Sl for each triplet (M, to, l/o) e [0, oo) x [0, T) x L^(fi), Equation 
has a unique solution in C([0, T]; L'^iVt)). Throughout this section, 

• ^yto,yo''^to,yo) denotes the solution of (14 ■2p corresponding to M, to and t/o! 

• Vt^^yf^ and Tpto,yo denote the first and the second component of the above solution, 
respectively, when one of them appears alone. 

Because of the assumption ([L2l), ^tolT°\T) = -(^S'^^^T) - Zd) ^ (see the proof of 
Lemma [2.21) . Thus, it follows from the unique continuation property of the heat equation 
(see [Sj) that 

X.^tof\to) + for all (to,i/o) e [0,T) x L\^). (4.3) 
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Now we define a feedback law F : [0,r) x LF'{Vi) by setting 

F{to,yo) = Ar(to,yo) ,, ° , (to,l/o) e [0,T) x L^(fi). (4.4) 



Because of the existence and uniqueness of the solution to (14. 2p . as well as (14. 3p . the map 
F is well defined. For each (to,yo) G [0,T) x L^(fi), consider the evolution equation: 

y{t) - Ay{t) = x.F{t, y{t)), t e {to, T), 

(4.5) 

y{to> = Vo, 

where the operator A was defined in Section 1. Two main results in this section are as 
follows: 

Theorem 4.1. For each pair (to, yo) ^ [0, T) x L'^{Q), Equation ( [^.5| j has a unique (mild) 
solution. Furthermore, this solution is exactly y^^y°'^'^\-) . 

Theorem 4.2. For each pair (to, y^) G [0,T)xL^(fi), F{-,yp{-;tQ,yQ)) is the optimal con- 
trol to {NP)tg,yo, where yri,-] to, yo)) is the unique solution to Equation ( [^.5[ ) corresponding 
to the initial data {to,yo)- 

It follows directly from Theorem 14. 1 1 that for each yo G L^(f2) and each r G [0,T), the 
evolution equation 

■ m - Ay{t) = Xu.X(r,T)F{t, y{t)), t G (0, T), 

Z/(0) = 1/0 

admits a unique (mild) solution, denoted by yF,T,yo{-)- Thus, the following result is a 
direct consequence of Theorem 14.21 

Corollary 4.3. For each yo G L'^{Q) and each r G [0,T), X{T,T){-)F{-,yF,T,yo{-)) is the 
optimal control to Problem (NP)'^''^ with the initial state yo. 

4.2 Proof of Theorem 14JJ (Part 1): The existence of solutions 

By a very similar argument to prove Lemma 12. 4[ we can obtain that 



By the uniqueness and existence of the solution to ( 14. 2p . we can easily derive the following 
consequence, which, in some sense, is a dynamic programming principle. 



24 



Lemma 4.4. Let (to,l/o) e [0,r) x L^{n) and M > 0. Then, for each s G (to,T), 



(fjM lM ^ 



Lemma 4.5. Let (to,Z/o) e [0,r) x L'^{n). Then 

M = N{to,yo) if and only if \\yfly^{T) - Zd\\ = r A We^^-'^^'^yo - Zd\\ , (4.9) 
where "A " is the symbol taking the smaller. Moreover, the control, defined by 

' N{to,yo)i 
to,yo \ 



<^:''\t) = A^(^o,yo)^^%^-T^, t G (to,T), (4.10) 



is the unique optimal control of Problem {NP)tf^^yg. 

Proof. First, we show (14. 9 p for the case where ||e*-^~*°''^?/o ~ Zd\\ > r. In this case, we 
can apply the analogous version of Proposition 13.11 for Problem (A^P)j(, to get that 
M = N(to,yo) if and only if Wyt^^y^iT) — Zd\\ = r. This leads to (14. 9 p for this case. 

Next, we prove (14. 9 p for the case where ||e^'^~*°'*^?/o ~ Zd\\ < r. In this case, one can 
easily check that N{to,yo) = 0, the null control is the optimal control to {OP)^^ y^, and 
yto,yo(-) = l/(-;0,to,l/o) = e(-*«)^i/o over [to,T]. Suppose that M = N{to,yo)- Then it 
holds that M = and \\yto^yo{T) — Zd\\ = \\e^'^~'^°^^yo — Zd\\. These lead to the statement 
on the right hand side of (I4.9p . Conversely, suppose that there is an Mq > such that 

lK»3(T)-;.,|| = ||e(^-*°)%-^.||. (4.11) 

To show the statement on the left side of (14. 9p . it suffices to prove that Mq = 0. By the 
analogous version of Lemma [221 for iOP)^^^ (see f l230|) ). it holds that 

||y£„(r)-^,||=r,„,„(Mo), (4.12) 
where T'io,j/o(') corresponds to the map M — )■ r(0, M) given in Section 1, namely, 

rt,,y,{M) = M{\\y{T;u,to,yo) - Zd\\ : u e B{0,M))}, M > 0. 
Since the null control is the optimal control to {OP)^^ y^, we find that 

rto,yoiO) = \\y{T;0,to,yo) - Zd\\ = \\e^'^~^°'^^yo - Zd\\. 
Along with fj4TT|) and f l4?T2|) . this indicates that 

rto,yoiO)=n,,y,iMo). (4.13) 
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By the analogous version of Lemma [2l6] for {OP)f^y^, the map M — )■ rtQ^yQ{M) is strictly 
monotonically decreasing. This, together with f l4.13p . yields that Mq = 0. 
In summary, we conclude that (14.90 stands. 

Finally, we prove f l4.10p . In the case that ||e^^~*"''A?/o — ^^dH > according to the 
analogous version of Proposition [3]T] for Problem {NP)to^yg, the control defined by fl4.10p is 
the unique optimal control of Problem {NP)t^^yg. In the case where \\e^'^~'^°^AyQ — Z(i\\ < r, 
it is clear that N(to, yo) = and the null control is the optimal control to {NP)t^^^yg. Hence, 
f l4.10p holds for this case. This completes the proof. 

□ 

The following result shows that the functional A^(-, ■) holds the dynamic programming 
principle. 

Lemma 4.6. Let (to;2/o) ^ [O?^) ^ L'^{^)- Then it stands that 

iV(to,z/o) = n(^s, eac/i^ e (to,T). (4.14) 

Proof. In the case where e^'^~^°^^yo E B{zd,r), it is clear that 

iV(to,yo) = and yZtT\-) = e^'^'^^^^^^y,. 

Because 

e^^-'^'-yZTXs) = e(^-^)^e(^-*«)^i/o = e(^-*»)^yo G B{z,,r) for each . G (to,T), 
we see that N[s, |/t^,yo'^°''(s))= 0. Therefore the equality (14. 140 holds for this case. 

In the case where e*^"^~*"-*^yo ^ B(zd,r), it is clear that r A ||e''"^~*"'*^?/o ^ = By 
the analogous version of Proposition Ofor Problem {NP)t^^y^, it holds that 
Zd\\ = r. Thus, it follows from (14. 9 p that 

yfolyr\T) e dB{zd,r). (4.15) 

We claim that 

e^^-'^^yZ^l:'''\s) i Bizd, r) for all s E (to, T). (4.16) 
If (I4.16P did not hold, then there would exist a s E {to,T) such that 

e^^-'^''yZr\s)^B{zd,r). (4.17) 
We construct a control u by setting 



iN{to,yo)/ \ 

^(^^=XitoM^)N{to,yo):^^^^ sE[to,T). (4.18) 
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Clearly, the solution y{-;u,to,yo) to (14. ip . where u = u, coincides with over 
[to,s]. This, along with fl4.18p and fl4.17p . indicates that 

y{T; u, to, yo) = e^^-'^'^yis; u, to, Vo) G Biz^, r). (4.19) 

On the other hand, it follows from (14.180 that \\u\\L°°{tQ,T;L'2{n)) = N{to,yo). This, together 
with (I4.19p . yields that u is the optimal control to (iVP)f(, ,^g. However, the problem 
{NP)tg^yg holds the bang-bang property (it follows from the analogous version of Propo- 
sition [517] for {NP)to^yg). This implies that 11^(5)11 = A^(to,?/o) ^oi a.e. s G {to,T), which 
contradicts to the structure of it. Hence, (14.161) stands. 
Next, by (gS]) and (HA5|) . we see that 

y^'-Xt^, .(T) = yZT\T) G dB{z,,r) for each . G (to,T). 
This, together with (14.161) . implies that 



-N(to,yo) 



\y :m;:yo)< ,(T) - = r a ||e(^-^)^yS''"H^) - ^4 for each . G (to, T). (4.20) 

Now, we arbitrarily fix a s G (to,T). By (14.201) . we can apply (14.91) . with = s and 

2/o = l/S''"H^),to get that 

iV(to,yo) = iV(.,yS'^°)(.)), 

which gives the equality (I4.14p for the second case. In summary, we finish the proof. □ 

Proof of Theorem 14.11 (Part 1): The existence. It follows from (14. 4p (the definition 
of F) that 

F{t, ys:r\t)) = iv(t, ys:r\t))^^, t g (to,T), 

-N(t y^'^O'^O^i)) , . , . 

where <p{t) = Xui^ N^ttZ (^)- This, together with fimi) and (HI]), yields that 



^ [t, yto,yo W) - f^{to,yo)j——^^^—^ - J^yto,yo W + Ay^^ y^ (t), t G (to, J )• 



\\X^^^to,yo 

Here, we used that = From the above equality and the fact that yui^ll'^°\to) = 

yo , it follows that yt^^yl'^°\-) is a solution to (14. 5p . This completes the proof. □ 
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4.3 Proof of Theorem 14JJ (Part 2): The uniqueness 

The key to prove the uniqueness is showing the following properties of the feedback 

law 

Proposition 4.7. (i) For each pair (to,yo) G [0,r) x L'^{fl), there is a p > such that 
F(to, ■) is Lipschitz continuous in B{yo,p) uniformly with respect to to G [{to — p)~^ ,iQ + p]. 
{ii) For each yo G L'^{^), F{- ,yo) is continuous over [0,T). 

When it is proved, the uniqueness of the solution to Equation ( 14.51) follows imme- 
diately from the generalized Picard-Lindelof Theorem (see [15j) and Proposi- 
tion 14. 7L Consequently, the proof of Theorem 14.11 is completed. 

The remainder is showing Proposition 14. 7[ To serve such purpose, we first study some 
continuity properties of A^(-, ■). These properties will be concluded in Lemma [4.10[ Two 
lemmas before it will play important roles in its proof. 

Lemma 4.8. For each t^ G [0,T), the functional N{t(), ■) is convex over 

Proof. Let ?/q and y^ belong to L^{Q). The optimal controls to {NP)^^^^^, i = 1,2, 

satisfy that A^(to,yo) = \\u'\\L^(to,T;L\n)) and y{T;u\tQ,yl) G B{zd,r), i = 1,2. Since for 
each A G (0, 1), 

y{T- \u^ + {^-\)u\ to, \y'o + {l-\)y^o) = \y{T- u\ to, y'o) + il-\)yiT; u\ to, yl) G B{zd, r), 
we obtain that 

N{to, Xyl + (1 - >^)yl) < + (1 - A)u2|U^(i„,T;L2(c)) 

< \\\u^\\L'^{to,T:L'2{n)) + (1 — -^)||w^||Loo(to,T;L2(n)) 

= \N{to,yl) + {l-\)N{to,yl). 
This completes the proof. □ 

Lemma 4.9. For each to G [0,T) and each hounded subset E of L'^{Q), the functional 
N {■,■) is bounded on (to — S)^,io + S xE , where 5 = {T — io)/2. 

Proof. Write Ce = sup{||?/o|| : Ho ^ E}. Let {to,yo) G (to — ^)^,to + ^ xE. By the null 

controllability of the heat equation over {to, to + 36/2) (see, for instance, [0]), there is a 
control Ui with 

lkl||L°°(to,fo+35/2;L2(n)) < C'lllZ/oll < CiCe, (4-21) 



28 



where Ci > is independent of to and yo, such that 

y = Viio + 35/2; Ml, to, yo) = 0. 

Here we used that to < to + 6. Then, by the approximate controllabihty of the heat 
equation over [to + 35/2, T) (see, for instance, ^), there is another control U2 with 

lk2||L°o(fo+35/2,T;L2(Q)) < C2, 

where C2 > is independent of to and yo, such that 

y{T-U2,io + 36/2,y) eB{zd,r). 

Clearly, the control v = X{to,to+3S/2)Ui+X{to+35/2,T)U2 satisfies that y{T; v, to, yo) e B{zd, r). 
Therefore, it holds that 

N{to,yo) < ||^||L°°(to,T;L2(Q)) < max{CiCE,C2}. 

This completes the proof. □ 

Lemma 4.10. (z) For each (to,2/o) G [0,T) x L^{Q) and each p G (0,1/2), N(to,-) is 
Lipschitz continuous over B{yo,p) uniformly w.r.t. to G (to — 5)^, to + 5 , where 6 = 
(T — io)/2; (ii) For each yo G L'^{Q), N{-,yo) is continuous over [0,T). 

Proof, (i) Let (to,|/o) G [0,T) x L^{n) and let p G (0,1/2). We arbitrarily take two 
different points y^ and yQ from B{yo,p) C -B(?/o, 1)- Denote by £ the straight line passing 

through yl and y^, namely, C =|?/q =(1 — X)yQ + A?/q | A G (— 00, +c)o) j>. Clearly, C 

intersects with B{yo,l) at two different points, denoted by t/q^ and y^', with Ai < A2. 
Since the segment {yo\>^ e [0,1]} ^ B{yo,p) and i?(?/, p) c^i?(y, 1) = 0, it holds that 
Ai < < 1 < A2. Moreover, one can easily check that 



For each to ^ 



- Ai 1-0 A2 - 1 

(to — 5)^, to + 5 , we define a function gto{-', yoiUo) setting 
5'to(-^; yl^ Vo) = ^(^0, (1 - A)?/o + A?/o), e (-00, +00). 



Obviously, the convexity of A^(to, ■) (see Lemma implies the convexity of gto{-] yo, Vo)- 
By the property of convex functions, one has that 

9to{0;yo,yi) - 9to{\i;yiyQ) ^ gto{i;yl,yl) - gtMyhyl) < guA^2]yhyl) - guAi]yl,yl) 
o-Ai - 1-0 - A2-1 
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This, along with ( I4.22p and the nonnegativity of gtg{l;yQ,yQ), indicates that 
N{to, yi) - N{to, yl) gt,{l; yl yl) - gtM vl vl) 



\yl-yl\ 



\\yl-yl\ 



^ 9uA^2\yl,yl) - 9to{^\yl.yl) ^ gt,,{^2\yl.yl) 



{^2-myl-yl\ 
9to{^2;yl,yo) 



- i)H - y'oW 



(4.23) 



bo'-yiW ■ 

Two observations are as follows. The triangle inequality implies that 

Ibo' - yoW > Ibo' - yoW - bo - VoW > i - p; 



The boundedness of A^(-, ■) (see Lemma l49l) gives that for each to ^ (^o — S)~^,to + ^ 

gt,{X2;ylyl) = N {to, y^') < sup {so, zo) | {so,zo) G [(to - 5)+, to + x5(yo, C. 

Along with these two observations, fl4.23p yields that 

N{to,yl) - N{to,yl) < Y^lbo - 2/0 II = C{p)\\yl -y'J. 

Similarly, we can obtain A^(to, ^/q) ~ ^(^o, 2/o) — C'(p)||?/o — 2/oll- These lead to the desired 
Lipschitz continuity. 

{ii) Let I/O G L'^{Q). Arbitrarily take to from [0,T) and write S = (T — to)/2. It suffices to 

show that A^(-, yo) is continuous over (to — 6)~^, to + 5 . For this purpose, we arbitrarily 

take two different tg and tg from this interval. Without lose of generality, we can assume 
that tj < tg. Then by fl4.14p (see Lemma 14.61) . the part {i) of the current lemma and 
Lemma 14. 9^ we can easily deduce that 



\N{tl,yo)-N{tlyo)\ 

th'Vo 



N[tl y!;}:t''\tl)) - N{tlyo) 



< C 



= C 

< c 



Jt 

lyoll +C|t2-t^| 
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where C stands for a positive constant independent of t\ and tg. It varies in different 

contexts. Clearly, the continuity of A^(-, |/o) over (to — 5)^, io + d 

inequahty at once. 

In summary, we finish the proof. 



follows from the above 
□ 



Next, we study some properties for the map N : [0,T) x L^(fi) x [0, +00) 1— )► LP'iQ.) 
defined by 



Ar(to,l/o,M)=<, rto) = M 



(4.24) 



Lemma 4.11. (i) For each {to,yo,M) G [0,T) x L^(r2) x [0, cxd), there is a p > such 
that J\f{tQ, ■, ■) is Lipschitz continuous over B{yQ, p) x [(M — p)"*", M + p] uniformly with 
respect to to G B(to, p) f][0,T) . {ii) Af{-,yo,-) is continuous over [0,T) x [0, 00). 

Proof, (i) Let (to,yo,M) G [0,T) x L^{n) x [0,cx)). The proof of the first continuity will 
be carried by several steps as follows: 



Step 1. For all to G [0,T), < Mi < M2 and yl, yl G L'^i^l), it holds that 

\\M{to,yl,M^)-N{to,ylM2)\\ < \M, - M2\ + 
4Mi 



M- 



— [M,\\yl - ylW + iWylW + \\z4)\Mi - M^l] when Mi > 0; 



\\X{to, yl Ml) - Mito, yl M^) \\ = |Mi - M2I when Mi = 0, 



(4.25) 
(4.26) 



The equality f l4.26p follows directly from the definition of M . Now we prove (14.251) . 
For simplification of notation, we write 

s-=Ck. -1.2- 

It is clear that that (1 - s)v} + e^u'^ G L°°(to, T; 5(0, Mi)) for any e G [0,1], which, 
together with the optimality of to (OP)^^^^i, shows that 



< lim — 

e^0+ 26 



,(T-to)A, ,1 



2/0^+ / e(^-^)^[(l-.)^i + e^^^]d. 



Zd 



to 
Jto 



to 





"Mi_2 -1" 

-—-u - u 


Jto 


M2 



ds 
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Similarly, we can prove that 



'to 





"M2 _1 


'to 


_Mi 



ds 



Dividing the first inequality above by and the second one by M|, then adding them 
together, we obtain that 



e(^-*o)A^i _ 
Ml 



e(T-to)A^2 _ 

Mo 



,(T-s)A 



> 








(is 




J to 


M2 


Mi_ 



io 



^2 



Ml Ml 



which implies that 

e(T-to)A^i _ 



Ml 



M, 



> 








(is 




JtQ 


M2 


Mi_ 



(4.27) 



Since {y\ i = 1, 2, solve fl4.2p and the semigroup {e*^ : t > 0} is contractive, we can 
use fl4.27l) to derive that 



< 



< 



Ml M2 



Ml 



Mo 



iT-to)A (tlXl _ ^ 

V Ml M2 
y\T)-Zd f{T)-Zd 



Ml 



eiT-to)Ay2 _ 



Mo 



Ml 



Mo 



T 



to 



Ml M2 



ds 



< ^ll!/i-!/„^IH-2(||y„l + |N|)^|^ 



By direct computation, we obtain that 



< Ml 



\\U{to,ylM,)-U{to,ylM2) 



Ml 



-Mo 



\\x.vm\ \\x.rm\ 



+ |Mi -M2 



\\x.i^'it,)\\ _ -^'\\x.^\h)\\ 



\\x.^\h)\\ 



Ml 



< 



< 



x^V'^tp) II II x^^^fa) I 

Ml nil M2 I 

2Mi 



Xujtp^jto) II II X^V'^(*0) 

Ml III! M2 
r2 



M2 



2M/ 



M2 



' Ml " Ml 



Ml 



Mo 



Ml 

+ |Mi -M2I. 



Mo 



M2 
|Mi - M2 



(4.28) 



+ |Mi -M2I 
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This, together with (OHj) . shows flOSj) . 

Step 2. When M > 0, there is p > such that for each (to, Vo, M) G [(to ~ p)"*", + p] x 



> 0. 



(4.29) 



The second inequahty in fl4.29p follows from fl4.3p . The first one will be proved by the 
following two cases: 

Case 1: to < to- In this case, the following three estimates hold for all yo G L^(f2) and 
M G [M/2, (3M)/2]: 



Co (^o) - (to) = (to) - C„ (to) 



< ||e(*o"*o)^|| • 



to,yo ^ 



• M 



<no(to) - Co (to) + ||e(*°-*°)^ - /|| ■ ||Cn(^"o)|| 



M 

to,yo 



< 



- ^i,y,(io) + ||e(*-*«)^ - /|| • |lC(^"o)|| 



M 

*()iSo ^ 



(Here / denotes the identity operator on L^(fi).) 



Co(^"o)-Co(^"o) 



^"<,.(*-o)^^"°)-^&o(^"o) 



< M 



|M-M| 
M 



M M 
< 2 |K,„(to) - yo|| + (2||yo|| + 2\\z,\\ + <,,„(to) 
(Here, (14. 8p and f l4.28p have been used.) and 



<yoito) 

\M -M\ 



M 



yZyo(^o)-yo\ 



to 



< 
< 



,(to-to)A 



ho - yoW ^ 

g(io-io)A _ J 



,(to-to)A _ J 



II2/0II + 



to,yo ^ 
to 



to 



,(io-s)A 



l<.o(^)||^^ 



+ M(to - to 
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Combining the above-mentioned three inequahties together leads to 



<,yM - i^LSto) < 2||yo - mW + 2M(to - to) 



2||yo|| + |lC,5o(to)|| 



_^ |g(fo-io)A _ J 

+ (2||yo||+2||2;,||+ V^£,^(to) 



(4.30) 



|M-M| 
M ' 



Clearly, the right hand side of ( I4.30p is continuous with respect to (to, Z/o, M). This, along 
with the second inequality in fl4.29p . indicates that there exists a pi with 

T-to M 
0<ft<^A-. 

such that for each (to, l/o, M) G [(to — Pi)^, to] x -B(?/o, pi) x [M — pi, M + pi], 

1 



Co(^o)-<,„(to) 



< 



(4.31) 



Case to > to- In this case, the following two estimates hold for all yo G L'^iVt) and 
M G [M/2, (3M)/2]: 



< M 



M 



< 2 



^j:.o(^o)-^£,„(to) 

C(^o) ^g,„(to) 



M 



M 



\M -M\ 



M 



M 



yo-yS,y.Mo) +(2 y^,,,{to) +2\\z4+ <,„(to) 



M 



\M-M\ 
M 



^C.o(^o) 



\M-M\ 
M 



(Here, (14. 8 p and f l4.28p have been used.) and 



to 



e(*-*"«)^l/o - 1/0 + / e(*-^)X',,rs)rfs 



to 



to 



e(*-*°)^yo - yo + / e(*-^)^n^^,,rs)cis 



to 



< 



,(to-to)A _ J 











Co(^) 


(is 


ho 







< Ibo-Z/oll 



,{to-to)A _ J 



llyoll +M(to-fo)- 
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From the above-mentioned two estimates, we derive that 



- ^iy,{to) < 2\\yo - m\\ + 2M{t, - to) + 2 \\e('o-to)A _ 



+ 2 



+ 



By the 

T -to M 
a p2 with < p2 < " 



€.o(^"o)|| + 2||..||) ^^^=M + _ 



(4.32) 



same argument used to get fl4.3ip (notice the continuity of i^f^ygi-)): we can find 
T — t M 

— — A — , such that for each triplet (to,yo,M) G [to, to + P2] x 



B{yo),p2) X [M-p2,M + p2] 
Now we set p = 



< - 
2 



(4.33) 



p = Pi A p2- Then the first inequahty of 04.291) follows from fl4.3ip and fl4.33p . 

Step 3. When M = 0, there is p > such that for each to G [(to — p)^,to + p], each 
yo e B{yo,p) and each M G [0,p], 

(4.34) 



> 0. 



k^^t^2/o(^o)|| > 2 \\XuJ^l,yoi'to) 

The second inequality in f l4.34p follows from (14. 3p . The remainder is to show the first 
one. The following two inequalities can be checked by direct computation: 



JT-to)A rjAI 



computation: 

K.„(T)-^,°,-,(T)] 



e'^'''''[yty.iT)-yl,^m 
e(^-'«)^(yo-l/o)+ re(^-^)^< 

Jto 



< ULiT) - ylyoiT)\ 



< 



||yo -yo II +M(T 



■t 



0) 



and 



< 



From these, we deduce that 

^Zyoito) - i^lyM 



^g2(T-to)A _ g2(r-fo)Aj _^ ^g(T-to)A _ g(T-fo)Aj 
.2(|to-fo|)A _ j|| ii^^ii ^ [g(|to-fo|)A _ jj ||^^||_ 



< 
< 



+ 



+ M{T - to) + 



(4.35) 



,2{|to-fo|)A _ J 



,(|to-fo|)A _ J 
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Clearly, the right hand side of f l4.35p is continuous with respect to toiZ/o and M. This, 

T — t 

together with the second inequality of ( I4.34p . yields that there exists p G (0, — ^ — ) such 
that for each (to, 2/o, M) e [(to - p) + , + p] x 5(j/o, p) x [0, p], 

from which, the first inequality in f l4.34p follows at once. 

Step 4- The required Lipschitz continuity of the map M 

Clearly, we can take the same constant p in Step 2 and Step 3 such that f l4.29p and 
f lOip stand. When M = 0, it follows from f io!]) . f OBj) and f lOip that the map 
Afito, -, ■) is Lipschitz continuous over B{yQ,p) x [(M — p) + ,M + p] uniformly with respect 
to to G [{to - p) + ,to + p]; When M > 0, the same conclusion follows from (g^SD, (II2S]) 
and f lCT]) . 

(u) Fix a yo e L2(^]). Let (M,to) G [0, oo) x [0,r). Since \\Xcoi^^ly,{to)\\ 7^ (see 
f l4.3p ). the continuity of the map {to,M) — i- Af(to,yo, M) at {io,M) follows from the 
continuity of the map (to,M) — )■ ^to,yo{'^o) (^o?^)- When M > 0, the continuity of 
the map (to, M) ipt^^yjto) at_ (to, M) follows from fOU]) and f02D . When M = 0, the 
continuity of this map at (to,M) follows from fl4.35p . Thus, Af{-,yo, ■) is continuous over 
[0,T) X [0,00). 

In summary, we complete the proof. □ 

Proof of Proposition 14. 7L (i) Let (to,l/o) ^ [0, x L^(i7). By the definition of maps 
M and F (see (jOD and (KW ). we see that 

F(to,yo) = A/'(to,yo,iV(to,l/o)) for all (to,i/o) e [0,T) x ^^(fi). (4.36) 

According to Lemma [4.1H there are pi > and Ci > such that when {tQ,yQ, Mi) and 
(to, 1/0', ^2) belong to [(to - Pi)+, to + pi] x fi(yo,Pi) x [(M - pi)+, M + pi], 

||Ar(to,i/^,Mi) - Ar(to,i/o',M2)|| < -i/o'll + |Mi - M^l). (4.37) 

According to Lemma 14.101 there are p2 > and C2 > such that 

\Nito,y'o)-N{to,y'o)\<C2\\yl-yU, 
for all (to, yl) and (to, I/q) belong to [(to - 5)+, to + 5] x B{yo, ps), where 5 = (T - to)/2. 

Let p = min{pi, p2, 7^^, i^}- Then it follows from the above inequality that 
2C2 

|Ar(to, yl) - N{to, yl)\ < 2C2P < pi for all y^y^^ ^ B{yo, p) and to G [(to - p)+, to + p]. 
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This, along with f l4.37p . indicates that 

\\Fito,y'o)-Fito,yi)\\ 
= \\Afito,yl,N{to,yl)) - Afit^^yl N{to,yim 

< Ci[H - ylW + \N{to,yl) - Nito,yi)\) 

< Ci {\H - ylW + C2H - yiw) = Ci(i + c,)U - y'oW 

for all 2/0,1/0 G B{yQ,p) and to e [{to — p)'^ ,iQ + p]. The desired Lipschitz continuity follows 
from the above inequality at once. 

(ii) Let yo e L^{n). Since F(to, J/o) = A/'(to, J/o, A^(io, ^o)) for alHo e [0,T) (see (gSSD), the 
desired continuity of yo) follows directly from the continuity of A^(-, yo) and yo, ■)■ 
In summary, we complete the proof. □ 



4.4 Proof of Theorem 14.21 



N{to,yQ)i 



yo 



IS 



Proof of Theorem [421 Let (to,?/o) G [0,T) x L'^{n). By theorem iH yt^]. 

the unique solution to Equation (14.51) . i.e., ?/f(-; ^o, 2/o) = y^^yo'^"\') over [to,T). Then, by 
(Oil . diHD, (USD and fltroj) . we see that 

F(t,yHt;to,yo))= F (t,^S-^(t)) = Ar(to,yo)^^^||f^ = Vt G (to,T). 

Since 'u^^*°'^°^(-) is optimal norm control for Problem {NP)t^-^^yg (see Lemma H751) . the above 
equality implies that F{-;yp{-;to,yo) is the optimal control to {NP)tQ^yf^. This completes 
the proof. □ 
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